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Abstract
We give an explicit formula for the fact given by Links and Gould that a one variable reduction of the LG polynomial coincides
with a one variable reduction of the Kauffman polynomial. This implies that the crossing number of an adequate link may be
obtained from the LG polynomial by using a result of Thistlethwaite. We also give some evaluations of the LG polynomial.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
The LG polynomial [19] is a two variable polynomial invariant of an oriented link. It was derived from the one-
parameter family of four-dimensional representations of the quantum superalgebra Uq [gl(2|1)]. Links and Gould [19]
have shown that the LG polynomial and the Kauffman polynomial [13,14] coincide for a particular choice of para-
meters by the use of the Birman–Wenzl–Murakami algebra: a one variable reduction of the LG polynomial coincides
with a one variable reduction of the Kauffman polynomial. The aim of this paper is to give an explicit formula for
this relationship: Let L be an oriented link and #L the number of its components. We denote the LG polynomial of L
by LGL(t0, t1), a two-variable polynomial in variables t0 and t1 as in [5,6], and denote the Kauffman polynomial of
L by FL(a, z) ∈ Z[a±1, z±1] and the Dubrovnik polynomial by YL(a, z) ∈ Z[a±1, z±1], a variant in the signs for the
Kauffman polynomial (Section 2). Then we have
Theorem 1.
LGL(t, t) = (−1)#L−1FL
(
a, a + a−1)∣∣
a2=−t−1 (1)
= YL
(
a, a−1 − a)∣∣
a2=t−1 . (2)
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The LG polynomial is very powerful. For example, De Wit [3] has evaluated the LG polynomials of all prime knots
of up to 10 crossings, and has shown that it is complete for these knots. Also, the first author [7] has shown that the
LG polynomial is complete for the family of knots given by the second author [11], which include infinitely many
knots with the same Jones and HOMFLY polynomials. However, geometric results concerning the LG polynomial are
very few. Now that we have Theorem 1, we examine the one variable polynomial invariant LGL(t, t) ∈ Z[t±1] of an
oriented link L produced from both the LG and Kauffman polynomials, which we call the Kauffman–Links–Gould
polynomial, or the KLG polynomial for short. Using a result of Thistlethwaite [23] on the Kauffman polynomial, we
see that the crossing number of an adequate link may be obtained from the KLG polynomial (Section 4). Note that an
alternating link is adequate. In addition to this, we give some evaluations of the KLG polynomial (Section 5).
On the analogy of the skein relation for the LG polynomial in [4, p. 120], the first author [6] has discovered another
skein relation for the LG polynomial (24) and (25) in Proposition 12. Using these skein relations, he has given a way
to find the LG polynomial of Conway’s algebraic links recursively. Together with this and the fact that both of the
LG polynomial and the Kauffman polynomial with z = a + a−1 of a split link vanishes led us to obtain the equalities
in Theorem 1. In Section 6, we will show that the Dubrovnik polynomial with z = a−1 − a and a2 = t−1, which is
thus the KLG polynomial by (2), satisfies these skein relations for the LG polynomial with t0 = t1 = t . This proves
Theorem 1 for a link whose LG polynomial is calculated by the skein relations (24) and (25).
2. The Kauffman polynomial
The Kauffman polynomial [13,14] is an invariant of the isotopy type of an oriented link, which is defined as follows:
Let D be a diagram of an oriented link L and w(D) be the writhe of D. We denote by |D| the diagram obtained from
an oriented diagram D by forgetting the orientation. Then the Kauffman polynomial FL(a, z) ∈ Z[a±1, z±1] of L is
defined by
FL(a, z) = a−w(D)Λ|D|(a, z),
where Λ|D|(a, z) is a regular isotopy invariant of |D| with properties:
Λ
( )
= 1, (3)
Λ
( )
+ Λ
( )
= z
(
Λ
( )
+Λ
( ))
, (4)
Λ
( )
= aΛ
( )
, Λ
( )
= a−1Λ
( )
, (5)
where is the trivial knot diagram with no crossing.
By modifying the identity (4) above, we obtain the Dubrovnik polynomial, a version of the Kauffman polynomial:
let Λ∗D(a, z) ∈ Z[a±1, z±1] be the regular isotopy invariant which satisfies:
Λ∗
( )
= 1, (6)
Λ∗
( )
− Λ∗
( )
= z
(
Λ∗
( )
−Λ∗
( ))
, (7)
Λ∗
( )
= aΛ∗
( )
, Λ∗
( )
= a−1Λ∗
( )
. (8)
Then the Dubrovnik polynomial YL(a, z) for a link L represented by D is defined by
YL(a, z) = a−w(D)Λ∗|D|(a, z).
This is related to the original Kauffman polynomial by the following formula due to Lickorish; cf. [15, p. 89]:
Λ∗|D|(a, z) = −iw(D)(−1)#LΛ|D|(ia,−iz),
YL(a, z) = (−1)#L−1FL(ia,−iz), (9)
where i = √−1.
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polynomial of an r-component link L is of the form
FL(a, z) =
∑
j1
F
(j−r)
L (a)z
j−r ,
where F (j−r)L (a) ∈ Z[a±1] and the powers of a which appear in it are all even or odd, depending on whether j − r
is even or odd; cf. [12, Proposition 2.1], [23, Proposition 3(ii)]. Also, if j − r < 0, then the coefficient polynomial
F
(j−r)
L (a) is divisible by (a + a−1)r−j ; cf. [12, Proposition 2.2]. Thus putting z = a + a−1 in the Kauffman polyno-
mial FL(a, z), we obtain a Laurent polynomial in a2. Then (−1)r−1FL(a, a + a−1)|a2=−t−1 is well defined. By the
equality (9), YL(a, a−1 − a)|a2=t−1 is also well defined.
3. The LG polynomial and the proof of Theorem 1
Any oriented tangle diagram can be expressed up to isotopy as a diagram composed from the elementary tangle
diagrams shown in Fig. 1. Furthermore any oriented tangle diagram can be expressed up to isotopy as a sliced diagram
which is such a diagram sliced by horizontal lines such that each domain between adjacent horizontal lines has either
a single crossing or a single critical point.
Let V be a vector space and V ∗ be the dual space of it. We consider an invertible endomorphism R :V ⊗ V →
V ⊗ V and linear maps n :V ⊗ V ∗ → C, n˜ :V ∗ ⊗ V → C, u :C → V ⊗ V ∗, and u˜ :C → V ∗ ⊗ V , and we associate
these maps to elementary oriented tangle diagrams as described in Fig. 2. Corresponding to any oriented tangle
diagram D, we may then obtain a linear map [D] as the composition of tensor products of copies of the linear maps
associated to the elementary tangle diagrams within D. For example,[ ]
= (idV ⊗ n)(R ⊗ idV ∗)(idV ⊗ u).
The LG polynomial is defined as follows. Let V be a four-dimensional vector space with a basis {ei}4i=1 and the
dual basis {e∗i }4i=1. We denote by ei1···inj1···jn the linear map V ⊗n → V ⊗n defined by
e
i1···in
j1···jn(ek1 ⊗ · · · ⊗ ekn) = δ
j1
k1
· · · δjnknei1 ⊗ · · · ⊗ ein,
where δij is the Kronecker symbol. In the same way we define the linear maps ei1···in :W1 ⊗ · · · ⊗ Wn → C and
ei1···in :C → W1 ⊗ · · ·⊗Wn, where Wk is either V or V ∗. For example, ei1i2 :V ⊗V → C and ei1i2 :C → V ⊗V ∗ are
defined by ei1i2(ek1 ⊗ ek2) = δi1k1δ
i2
k2
and ei1i2(1) = ei1 ⊗ e∗i2 , respectively.
Fig. 1.
Fig. 2.
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We obtain the bracket [ ]LG by putting
R = t0e1111 −
(
e2222 + e3333
)+ t1e4444 + (t0 − 1)(e2121 + e3131)+ (t0 − 1)(1 − t1)e4141
+ (t1 − 1)
(
e4242 + e4343
)+ (t0t1 − 1)e2323 + (e1441 + e4114)− t1/20 t1/21 (e2332 + e3223)
+ t1/20
(
e1221 + e2112 + e1331 + e3113
)+ t1/21 (e2442 + e4224 + e3443 + e4334)
− t1/20 t1/21
(
(t0 − 1)(1 − t1)
)1/2(
e2341 + e4123
)+ ((t0 − 1)(1 − t1))1/2(e3241 + e4132),
n = e11 + e22 + e33 + e44,
n˜ = t0e11 − t−11 e22 − t0e33 + t−11 e44,
u = t−10 e11 − t1e22 − t−10 e33 + t1e44,
u˜ = e11 + e22 + e33 + e44.
For a (1,1)-tangle T , the LG polynomial of the link T̂ which is the closure of T is defined by the following identity:
[DT ]LG = LGT̂ (t0, t1) idV ,
where DT is a tangle diagram of T . Note that LGL(p−2,p2q2) (p = qα) coincides with the Links–Gould invariant
in [4], where α originates as a complex parameter of a family of Uq [gl(2|1)] representations. For the details we refer
the reader to [4,21].
For an unoriented tangle diagram D, we obtain a linear map [D] in the same way as the bracket was defined in the
oriented case, where we associate certain linear maps to certain elementary unoriented tangle diagrams as described
in Fig. 3. Then we define a bracket [ ]KLG by putting
RKLG = t−1/2RLG|t0=t,t1=t ,
nKLG = t−1/2e14 − t1/2(t − 1)
(−(t − 1)2)−1/2e23 − t−1/2(t − 1)−1(−(t − 1)2)1/2e32 + t1/2e41,
uKLG = t−1/2e14 − t1/2(t − 1)
(−(t − 1)2)−1/2e23 − t−1/2(t − 1)−1(−(t − 1)2)1/2e32 + t1/2e41.
These linear maps satisfy the following. We may check the equalities with the aid of a computer.
Lemma 2. The following identities hold:
(idV ⊗ nKLG)(uKLG ⊗ idV ) = idV , (10)
(nKLG ⊗ idV )(idV ⊗ uKLG) = idV , (11)
(idV ⊗ nKLG)(RKLG ⊗ idV ) = (nKLG ⊗ idV )
(
idV ⊗R−1KLG
)
, (12)
(idV ⊗ nKLG)
(
R−1KLG ⊗ idV
)= (nKLG ⊗ idV )(idV ⊗RKLG), (13)
(idV ⊗ nKLG)(RKLG ⊗ idV )(idV ⊗ uKLG) = t−1/2 idV , (14)
(idV ⊗ nKLG)
(
R−1KLG ⊗ idV
)
(idV ⊗ uKLG) = t1/2 idV , (15)
(RKLG ⊗ idV )(idV ⊗ RKLG)(RKLG ⊗ idV ) = (idV ⊗RKLG)(RKLG ⊗ idV )(RKLG ⊗ idV ), (16)
RKLG −R−1KLG =
(
t1/2 − t−1/2)(idV⊗V − uKLGnKLG). (17)
Remark 3. As mentioned in [19], we obtain a representation of the Birman–Wenzl–Murakami algebra Cn(l,m) [1,20]
by putting G = iRKLG, G−1 = −iR−1KLG, E = −uKLGnKLG, m = i(t1/2 − t−1/2), l = −it−1/2.
Lemma 4. For an oriented tangle T represented by DT , the bracket [|DT |]KLG is a regular isotopy invariant of |T |.
Furthermore, tw(DT )/2[|DT |]KLG is an isotopy invariant of T .
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Proof. Two sliced tangle diagrams express the same isotopic tangle if and only if the two sliced diagrams are related
by a sequence of the Turaev moves, where the Turaev moves are the moves as shown in Fig. 4; see [21, p. 44]. By
Lemma 2, the bracket [ ]KLG is invariant under the Turaev moves without the moves (R-i). Thus the bracket [ ]KLG is
a regular isotopy invariant. Furthermore, by the equalities (14) and (15), tw(D)/2[|D|]KLG is an isotopy invariant. 
Lemma 5. For a (1,1)-tangle T represented by DT , the following identity holds:[|DT |]KLG = Λ∗|DT̂ |(t−1/2, t1/2 − t−1/2) idV ,
which implies
tw(DT )/2
[|DT |]KLG = YT̂ (t−1/2, t1/2 − t−1/2) idV .
Proof. By Lemma 4, the bracket [ ]KLG is a regular isotopy invariant. Then it is sufficient to verify the following
identities:[ ]
KLG
= idV ,[ ]
KLG
−
[ ]
KLG
= (t1/2 − t−1/2)([ ]
KLG
−
[ ]
KLG
)
,[ ]
KLG
= t−1/2
[ ]
KLG
,
[ ]
KLG
= t1/2
[ ]
KLG
.
The first equality follows from the construction of the bracket [ ]KLG. The rest follow from the equalities (14), (15),
and (17). 
Proof of Theorem 1. By Lemma 5, it is sufficient to show the equality
[DT ]LG|t =t =t = tw(DT )/2
[|DT |]0 1 KLG
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for a (1,1)-tangle T . Since both sides of the equality are isotopy invariants of T , we may fix a (1,1)-tangle diagram
DT which represents T . So we fix it which is of the form as shown in Fig. 5. By the equality RKLG = t−1/2RLG|t0=t1=t ,
we have the following equalities:[ ]
LG
|t0=t1=t = t1/2
[ ]
KLG
,[ ]
LG
|t0=t1=t = t−1/2
[ ]
KLG
.
By the definitions of nLG, uLG, nKLG, and uKLG, we have the following equality:[ ]
LG
|t0=t1=t =
[ ]
KLG
.
Then we have the equality
[DT ]LG|t0=t1=t = tw(DT )/2
[|DT |]KLG.
This completes the proof. 
4. The KLG polynomial and an adequate link
As mentioned in Section 1, we define the KLG polynomial KLGL(t) of an oriented link L by
KLGL(t) = LGL(t, t)
= (−1)#L−1FL
(
a, a + a−1)∣∣
a2=−t−1
= YL
(
a, a−1 − a)∣∣
a2=t−1 .
We deduce some properties of the KLG polynomial from those of the Kauffman polynomial given by Thistleth-
waite [23].
Let L be an r-component oriented link which admits an n-crossing diagram D with writhe w. Then n = n+ + n−
and w = n+ − n−, where n+ and n− are the positive and negative crossing numbers of D, respectively. Let M and m
be the highest and lowest powers that occur in the KLG polynomial KLGL(t).
Proposition 6. −n− m and M  n+.
Proof. Let
Λ|D|(a, z) =
∑
ur,sa
rzs (18)
be the Λ-polynomial of |D|, where ur,s is a non-zero integer. Then
FL
(
a, a + a−1)= a−wΛ|D|(a, a + a−1)
=
∑
ur,sa
r−w(a + a−1)s .
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r − s − w −|r| − s −w −n−w = −2n+;
r + s − w  |r| + s − w  n− w = 2n−.
By Theorem 1, we obtain the result. 
A link diagram D is +adequate (respectively −adequate) if (i) D has at least one crossing, and (ii) in the Kauffman
state s+D (respectively s−D) formed by nullifying each crossing according to the rule → (respectively →
), for each crossing the two segments (respectively ) belong to different components of s+D (respectively
s−D). A diagram D is adequate if it is both +adequate and −adequate; see [18,24]. A reduced alternating diagram
is adequate. Also, all diagrams of minimal crossing number of knots up to 11 crossings are semi-adequate, meaning
either +adequate or −adequate [24, p. 290].
Proposition 7. Suppose that D is a connected diagram with at least one crossing.
(i) If D is a +adequate diagram, then m = −n−.
(ii) If D is a −adequate diagram, then M = n+.
Proof. From the Λ-polynomial (18), where ur,s = 0 implies |r| + s  n, we define the polynomials φ+D(x),φ−D(x) ∈
Z[x] [24, p. 287] as follows:
φ+D(x) =
∑
i
ui,n−ixi , φ−D(x) =
∑
i
u−i,n−ixi .
Then φ+D(x) = 0 if and only if D is +adequate, and φ−D(x) = 0 if and only if D is −adequate [24, Theorem 3(i)].
Also all coefficients of φ+D(x) are non-negative [24, Corollary 1.1(i)]. Thus if D is +adequate, then φ+D(1) is positive,
which is the coefficient of a2n− in (−1)#L−1FL(a, a + a−1), giving (i). Since (ii) is similarly obtained, the proof is
complete. 
It follows from this proposition, we obtain:
Corollary 8. If D is an adequate diagram, then M = n+ and m = −n−.
5. Evaluations of the LG polynomial
Using Theorem 1, we have some evaluations of the LG polynomial.
Proposition 9. The determinant of a link L, detL, is obtained from the KLG polynomial as follows:
KLGL(−1) = (−1)#L−1(detL)2; (19)∣∣KLGL(i)∣∣= ∣∣KLGL(−i)∣∣= detL. (20)
Proof. Since KLGL(−1) = (−1)#L−1FL(1,2) = (−1)#L−1QL(2), where QL(2) is the Q polynomial of L at x = 2,
and QL(2) = (detL)2 by Property 4 in [2] (cf. [17, Table 16.3]), we obtain (19).
Next, let VL(t) be the Jones polynomial of L [10]. Then from [17, Proposition 16.6], we have
FL
(−t−3/4, t−1/4 + t1/4)= VL(t);
cf [16]. If t1/4 = eπi/4, then −t−3/4 = eπi/4, t−1/4 + t1/4 = √2, and t = −1. Thus
FL
(
eπi/4,
√
2
)= VL(−1),
whose absolute value is detL by [10, (12.3)]; cf. [17, Table 16.3]. On the other hand, if a = eπi/4, then a + a−1 = √2
and −a−2 = −i. Thus
KLGL(−i) = (−1)#L−1FL
(
eπi/4,
√
2
)
,
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Remark 10. We have another evaluation of the LG polynomial [8, Theorem 6];
LGL(t0,1) = LGL(1, t1) =
{
1 if L is a knot;
0 otherwise,
which implies
KLGL(1) =
{1 if L is a knot;
0 otherwise. (21)
Also, if a = ±i, then a + a−1 = 0 and −a−2 = 1. Thus Theorem 1 implies
KLGL(1) = (−1)#L−1FL(±i,0), (22)
for a knot L. However, if L is not a knot, then the Kauffman polynomial has a term containing z−1, and so (22) does
not hold. If L is a knot, then FL(±i,0) = 1 [17, Table 16.3] and we may obtain (21) with L a knot.
Example 11. Let us consider the knot K = 820 with diagram D given in [13, p. 456, Knot tables and the L-
polynomial], which is the mirror image of the diagram of K given in [22, p. 394, Appendix C]. The diagram D
is −adequate, but not +adequate with 5 positive crossings and 3 negative crossings. In fact, 820 is known to be
non-alternating.
Putting P = √t0/t1 and q = √t0t1 in the LG polynomial of the knot 820 given in the table in [3], we have:
LGK(t0, t1) = t−20 + t−21 − 2t−20 t1 − 3t−10 − 3t−11 − 2t0t−21 + t−20 t21
+ 5t−10 t1 + 7 + 5t0t−11 + t20 t−21 − 2t−10 t21 − 7t0 − 7t1 − 2t20 t−11 + 3t20
+ 8t0t1 + 3t21 − 5t0t21 − 5t20 t1 + t0t31 + 4t20 t21 + t30 t1 − t20 t31 − t30 t21 , (23)
from which we have
KLGK(t) = 2t−2 − 10t−1 + 19 − 18t + 14t2 − 10t3 + 6t4 − 2t5.
On the other hand, from the polynomial ΛD(a, z) given in [13, p. 456], we have
FK
(
a, a + a−1)= 2a4 + 10a2 + 19 + 18a−2 + 14a−4 + 10a−6 + 6a−8 + 2a−10,
which is equal to KLGK(−a−2). The lowest and highest powers that appear in KLGK(t) are −2 and 5, respectively,
which agrees to Propositions 6 and 7. Furthermore, by putting t0 + t1 = z and t0t1 = −1 in (23), we obtain the Conway
polynomial of K , 1 + 2z2 + z4, see [8,9]. We have also
KLGK(−1) = 81 = 92;
KLGK(±i) = 9,
which agrees to Proposition 9 as detK = 9.
6. Skein relations for the LG polynomial
In this section, we see that the skein relations of the LG polynomial [6, Theorem 3.1] indicate the relation (2) in
Theorem 1. However we remark that the existence of a link whose LG polynomial cannot be calculated by using only
skein relations (24) and (25) is an open problem as mentioned in [6].
Proposition 12. The LG polynomial satisfies the following skein relations:
LG
( )
+ t0t1LG
( )
= (s + 1)LG
( )
+ (s + t0t1)LG
( )
, (24)
LG
( )
− LG
( )
= (1 − s)LG
( )
+ (s − 1)LG
( )
, (25)
where s = −(t0 − 1)(t1 − 1).
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KLG
( )
+ t2KLG
( )
= (2t − t2)KLG( )+ (2t − 1)KLG( ), (26)
KLG
( )
− KLG
( )
= (t2 − 2t + 2)KLG( )− (t2 − 2t + 2)KLG( ). (27)
We will deduce these relations (26) and (27) from the axioms of the Dubrovnik polynomial, which shows that a link
whose LG polynomial is calculated by using the skein relations (26) and (27) satisfies the relation (2) in Theorem 1.
Using (7) and (8), we have:
Λ∗
( )
− Λ∗
( )
= z
(
Λ∗
( )
− aΛ∗
( ))
, (28)
Λ∗
( )
− Λ∗
( )
= z
(
a−1Λ∗
( )
−Λ∗
( ))
, (29)
Λ∗
( )
−Λ∗
( )
= z
(
aΛ∗
( )
−Λ∗
( ))
. (30)
Adding (28) and (29), we obtain:
Λ∗
( )
+Λ∗
( )
= (1 − a−1z)Λ∗( )+ (az + 1)Λ∗( ), (31)
and adding (28) and (30), and then using (8), we obtain:
Λ∗
( )
−Λ∗
( )
= (z2 − az + 1)Λ∗( )− (z2 − az + 1)Λ∗( ). (32)
Since
Y
( )
= a−k−2Λ∗
( )
, Y
( )
= a−k+2Λ∗
( )
,
Y
( )
= a−k−2Λ∗
( )
, Y
( )
= a−kΛ∗
( )
,
Y
( )
= a−kΛ∗
( )
,
where k is an integer, (31) and (32) become
a2Y
( )
+ a−2Y
( )
= (1 − a−1z)Y( )+ (az + 1)Y( ),
a2Y
( )
− a2Y
( )
= (z2 − az + 1)Y( )− (z2 − az + 1)Y( ),
respectively. Putting z = a−1 − a and a2 = t−1, we obtain (26) and (27).
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